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a failure code and eventually a descriptive text, can best be evaluated by using the
paradigm of joint renewal processes. The present paper formulates a model of such a
process, which proceeds by means of state dependent event rates. The system state is
defined, at each point in time, as the vector of backward times, whereby the backward
time of an event is the time passed since the last occurrence of this event. The present
paper suggests a mathematical model relating event rates linearly to the backward
times. The parameters can then be estimated by means of the method of moments. In
a subsequent step, these event rates can be used in a Monte-Carlo simulation to fore-
cast the numbers of occurrences of each failure in a future time interval, based on the
current system state. The model is illustrated by means of an example. As forecasting
system malfunctions receives increasingly more attention in light of modern condition-
based maintenance policies, this approach enables decision makers to use existing
event data to implement state dependent maintenance measures.
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Model

Renewal processes have been a frequent object of analysis in early studies of stochastic
processes, see Cox (1962), for instance. Only recently the idea of parallel renewal pro-
cesses receives more attention, see Borgelt and Picado-Muino (2012), Gaigalas (2003),
Kai et al. (2014), CRC (1994), Kallen et al. (2010), Truccolo (2005), Modir et al. (2010).
However, little emphasis has been given to the subject of stochastic dependence between
processes so far, with few exceptions such as shown in Borgelt and Picado-Muino (2012)
or Truccolo (2005), Modir et al. (2010). Spike train analysis is an active neurobiologi-
cal research area calling for parallel renewal processes. The latter paper emphasizes sto-
chastic dependence between point processes described by conditionally independent
intensity functions. In the same spirit, stochastic dependence between events will be at
the core of the present paper in combination with a linear damage model in a condition
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based maintenance context. A formal representation of a parallel renewal process is
given in Modir et al. (2010), whereby the authors look at the process from the point
of view of an abstract Poisson process with state-dependent event rates, conditionally
independent given the history of the process. Kai et al. (2014) is another example of a
biomedical application of a parallel renewal process, whereby the individual occurrence
rates of neural spikes depend not only on the neuron in question, but also on a set of
neighboring neurons. A Monte-Carlo algorithm is used to construct a parallel renewal
process based on the event rates identified.

The paper is structured as follows: The remaining sections of this chapter describe the
process, the event rates and general modelling assumptions. Chapter 2 deals with the
multidimensional renewal equation. After presenting the most general case with sto-
chastic dependence, the special case without stochastic dependence between processes
is considered and an asymptotic result for the expected number of cumulated events is
derived. We proceed to show that there is a continuous transition from the case of sto-
chastic dependence to the case of stochastic independence with one individual parame-
ter tending to zero. Chapter 3 deals with technical details of the estimation problem used
to find the model parameters. Chapter 4 illustrates the numerical findings by means of
an example.

Input data

The input data in the case of an event oriented data model consists, from the practical
point of view, of a list of records, say, with each record containing a failure code, a date
time object and some explanatory text. From the mathematical point of view, however, it
is sufficient to

« classify the different failure codes,

+ index each class and

« transform each date time object into a real number representing the occurrence time
for the respective event.

This process results in a list of occurrence times, grouped according to failure classes
as shown:

T= ..o, (1)

The occurrence times will then be used to construct a joint renewal process.

The process

Let E :={1,...,n} be the set of all failure codes, i.e. events. Then, at each point in time
t € IRy let X;(¢) be the backward time of event i € E and define the vector of backward
times as

X(t) = {X1(8), ..., Xu(0)}T )
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where

Xi(t) =t — {T;}, i € E

3)

The probability for an event i € E to occur in the time interval (¢, ¢ + dt) conditionally
upon trajectory X(¢) is then given by

P{Event i occurs in (¢, ¢t + dt)| X (¢)} = 2;,(X(¢))dt + o(dt) 4)

In this equation it is assumed, that events are conditionally independent on each other, if
the system state is given. 4;(X(¢)) is an event rate or an intensity function such as defined
in Press (2007). The following stochastic differential equation can now be proven for
X(2):

Theorem 1 Lete;,i € E be the unit vector in direction i. Then the following holds:

X(+dt)=X(¢) + Z *dt * ej — X;(t) * e, w.p. (4;(X(2))dt + o(dt))

j#i
)
X(t+dt) = X(t)+ Y _ xdt xej,w.p. (1 = X @)dt + o(dt))
jEE ieE

whereby w.p. stands for “with probability’.

Proof Each of the events i € E occurs with probability 1;(X(¢))dt 4 o(dt), in which
case all of the events except event i age by an incremental amount of time dt and the
backward time of event i is reset to 0. No event, therefore, occurs with probability
1—=>cp 4i(X(1))dt + o(dt). More than one event occurs with probability o(dz) only. [

The event rates

The question now is, whether a plausible functional relationship of / on the system state
X(2) can be found such that the parameters of this function can be efficiently estimated
from the data available and such that this relationship can be used to generate realistic
simulations of the joint renewal process serving as a reliable short-term forecast in the
domain of up to one week, for instance. The following assumption will be used through-
out this paper:

JX(®) = Ai+ > i Xj()
jeEE

(6)

(6) admits the interpretation, that each event rate consists of a random compo-
nent ; and a condition or state dependent component controlled by the parameters
a;j,i € E,j € E. The state dependent component is modelled such that the event rates
are linearly dependent on the backward times (=ages) of the events with proportionality
factors given by «;,i € E,j € E. Therefore we sometimes refer to the process as a pro-
cess with linear damage accumulation. Figure 1 shows schematically the dependence of
the event rates on the vector of backward time.
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Fig. 1 Vector of backward times at time t
Corollary 1 Ifthe following holds
wj=0,icEjeE,j#i %

then the individual renewal processes become independent.
Proof Using (5) and (6) one obtains for alli € E

0 w.p. 4; + o;; X;(t)dt + o(dt),

Xi(t + dt) = { Xi(t) +dt w.p. 1 — (i + auXi(®)dt) + o(dt). 8)

In (8) no cross-dependencies between different components of the vector X(¢) can be
observed. O

The renewal equation
Again, please note that the input data sample or, equivalently, the trajectory (2) has been
observed and serves as input. Also, let F; be the sigma algebra generated by X (v),v < t¢.

Preliminaries

Conditionally upon this trajectory the inter-event time distribution

t+u
P{T; > u|F} =E |exp | — | Liu +/ Zoti,,-)(j(v)dv | Fe 9)
t X
jEE

holds. Assuming stochastic independence conditionally upon X (v),<; (9) immediately
yields

t+u
R(t|X) := P{mig} T; > u|F} =E|exp | — E (Aiu +/ E ;i X;(w)dv) | |F¢
i€ ; t :
ieE jeE

(10)
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Define further

t
Fi(t|X) :=P{minT; < u|F;} =1 — P{min T; > u|F;} = / fiu|X)du
ieE ieE 0

(11)
SiltlX) = REX) x | 4+ > i Xj()
jeE
Accordingly, f(t|X) x dt + o(dt) is the probability for an event of type i € E to occur in
the time interval (¢, £ + dt) conditionally upon the trajectory X (v),<;. Also let C (t|X) be
the vector of expected numbers of renewals at time ¢, if the process starts in state X. The
following then holds:

Theorem 2 Let

XD(X, u) :=X+Zej*M—Xi*€i,i€E

J#i 12)

Then

t -
C@X) =Y FitlX)ei+» /0 Si@X)C & — ulX DX, u))du (13)

ieE ieE

Proof Equation (13), representing the expected number of renewals at time ¢ under the
condition that the process started in state X, can be conditioned upon the first occur-
rence of the event. If this occurs after time ¢ (probability R(¢|X)), then the expected
numbers are (0, ...,0)7. If it occurs during the time interval [u, u + du) somewhere in
the interval [0, £) and is of type i € E (probability f;(u|X)du), then state X transforms
into state X (X, u) and—therefore—the expected number, seen as a vector, is equal to
ei + C(t — ulXD (X, ). O

Iterative approximation

In this section the individual components of C (t|1X) will be considered one by one and
the arguments 4 and o will be suppressed. Also, éi(OIX ) = 0 will be assumed. Then the
individual components of equation (13) can be written as

t -
Ci(t|X) = Fi(¢1X) + Z/O F@X)Ci(t — ul X (X, w))du (14)
jEE

Assume (14) has an iterative solution such that, for k =0, 1,2, ...

¢ X)) = Fi(e1x)
t
EE 0 = R0 + 3 [0 o (1
JEE 0
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Then stages (1) and (2) of the iterative approximation can be written as

t
GP X = Bl +) / SulX)Fi(t — ulXP(X, u))du
jeE 0

t
EP ) = Fe+ Y / F@XF(E — ulX9 (X, w)du
jeE V0

t t—u .
+2 / [@x)y / SeIXD X, w)
jet 70 ke 70
x Fi(t — u — vIX®© XD (X, u), v)dvdu

(16)

(16) can be used to approximate the cumulated number of events for rare failure codes,

and only in the near term environment. The advantage is, however, that those numbers

take into consideration the initial condition X and therefore are in agreement with the

requirements of “Condition Based Maintenance” It will be shown now, that the iteration

given in (15) converges.

Lemmal ForanyT € R such that

T
p::Z/O SiwlXydu <1, X eR}

jeE
the following holds:

klim CEDx) - CP@EX) =0, 0<t<T, XeR
—00

Proof Let

DRV X)) = C* V1 x) — CP@X), k=0,1,2,3...

Yk = sup sup X maxD;k)(th)
tel0,T) XeR:. ek

Then from (15) one obtains

¢
DD (g1x) = / du " fi@|X)D® (t]x)
0 ieE
and therefore
ID*D@1X)] = p o+ IDP @0

as shown in Appendix 1, proving the lemma in the limit for k — oo.

A7)

(18)

(19)

(20)

2
(]

Please observe that (17) expresses the condition that the process will not “explode” at

any time in a finite time interval.

Page 6 of 18
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A special case: stochastic independence

Assume (7) holds. Let C;(¢) be the solution of (14) under (7). The expected cumulated
numbers of events then become independent. For each i € E the following result can be
proven, whereby 4 := 4; and « := o;; has been set.

Corollary 2

¢
—1+0(1)

o (8] 5+ (-2 (5))

whereby ®(x) denotes the cumulative distribution function of the standard normal

lim C;(¢) =
t—>00

distribution.

Proof Note that

. t 0>
Ci(t) = / (2 + au) exp <—<iu+a2>)du
0

¢ 2
+ /0 (2 + au) exp (— ()Lu + au2>) X C'i(t —u)du 23)

Let

t i)
¢ (t) = / (A + au) exp <— ()M +(x2>>du
0
P2
C - exp <_ <u+a2>> 24)

whereby the second equation above is proven in Appendix 2.
Furthermore, defining

2
fm) == (A4 au) exp <— (/lu +ozu2>>

Le(s) := / exp(—st)C;(¢)dt
0

00 (25)
Ly(s) := / exp(—st)p (t)dt
0
o
Le(s) := / exp(—st)f (t)dt
0
and making use of the Laplace transformations introduced above yields
Ly (s)
L = —
cl) =1— Lo (26)

Next, we compute Ly (s) and Ls (s). It is easy to see that

1 (A+92\ [2n A+s
roo = e ()T (-2 (F) @

Page 7 of 18
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see Appendix 3. Also, Ly (s) is shown to be expressed as

2
Lf(s)zl—exp((i;—as) )s T(l_QD()jES)) (28)

as shown in Appendix 4. Now, upon using (26), (27) and (28) the following is obtained:

1—sexp (%)\/%(1 _ q;(%))

Lc(s) = s2 exp (%) \/%(1 _ cp(%)) (29)
which yields
sli_r}qoLc(s) = ! - % +0() (30)

e () (1-(%))

whereby—see Cox (1962)—O(1) is a function of s bounded as s — 0. According to Cox
(1962), section 1.3, C;(¢) then satisfies

- t
lim C;(t) = —1+o0(1)
t—00 )2 2 Y (31)
o (&) + Vo= (1-2(%))
O
An equivalent proof can be obtained from one of the central results in renewal theory
which states that
lim Ci(t) = =
Jim G = 7 (32)

whereby T is the expected renewal time, see chapter 4 in Cox (1962). By definition

_ 00 £2
T:/ t(i+a*t)exp(—<)u*t+oz>k2))dt (33)
0

Using substitutions in the style as shown above and properties of the incomplete Gamma
function, as defined, for instance in Abramovitz and Stegun (1972), p. 262, one proves

that
T= 2 i PR 34
“eo () VT () o

Using (32) along with (34) proves the statement.
The following conclusions are now easy to draw:

Corollary 3 If . = Othen

lim C(t)A=0) =2,/ — ¢t — 1+ 0Q)
t—00 2w (35)

Page 8 of 18
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If o« =0then
tlim C(tla = 0) = it + O(1) (36)

Proof (35) can immediately be derived from (22) by letting /4 tend to zero. (36) must be
concluded from equation (23), as (22) has been derived under the implicit assumption
that & # 0 used in dividing the exponent by ¢, but the conclusion is straightforward. [

Equation (35) has an interesting application. Assume (6) holds and, in addition 4 =0
can be safely assumed. In that case (35) allows to estimate o by equating the slope of
C (t|a = 0) with the coefficient of ¢.

In the context of condition based maintenance residual lifetimes of components or
residual forward times of critical events must be estimated conditionally upon the sys-
tem state, which frequently is expressed by parameters such as age or backward time.
Let

T(t) = E[T — 7|T > 7] (37)

be the expected forward time conditionally upon the event that the forward time exceeds
7. Then, in close analogy with (34), the following can be proven:

) 2
T (1) = exp (T)*Uf(l—@(ijgr)) (38)

A first order correction
Let

o = max o, 0 = o
ieE Z W Z i (39

JEE j#i jeE

and assume, for the sake of simplicity, o;; > 0,i € E,j € E,j # i. With the definitions
given in Appendix 5 one can show that, under (7)—i.e. stochastic independence between
the event numbers—the renewal equation becomes

~ ~ t ~ ~
Cx) =Y eFtlX)+> ey /0 dufy(u)X) Gyt — ulXi(u, X)) (40)

ieE ieE  jeE
The following proposition holds:
Proposition 1

Ct|1X) = Ct|X) + D(t|X)

41

D(t|X) = DY (t|X) + DD (t|X) + - - - (41
whereby

DY Xy =Y DM (¢]X) % e )

ieE
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and, approximately

o i 2 3 L
ID; /(X)) S o x | = —|— n;u[* + no;—

8

4 5 (43)

+ = Z < + I’l)uk + nay 40> + o(@)
T; keE
as well as
D) =3 ey / duRGEX) G+ 3 iy + X))

icE  keE jeE
x (Ci(t — ulX® (u, X)) — Ci(t — ulX® (u, X)) (44)

In (43) T; is defined as in (31), however with explicit reference to a failure mode i € E.
This statement is given as a a proposition rather than as a theorem, because the behavior
of C;(t]X) is used in its asymptotic approximation.

With (13), (40) and Appendix 6 one shows that

Cx)—Ce)=>_eiAi+By)
ieE

+ Ze,Z/ duR@|X) (i + ) oij(u+ X))

icE  keE jEE
x (Ci(t — ulX® (u, X)) — Ci(t — ul X (u, X))

t
A; ::/ du(R(u|X)(4;
0

+ )i+ X)) — RulX) (i + o)
jeE

Bii= / duf (ulX) — fo (ulX)
keE

x Ci(t — ulX® (u, X)) “45)
In Appendix 7 and Appendix 8 it is shown that
t2 £3 tt
A <a = (2 —|—n/1i§ +n&i8> +o(a)
(40)

|B|<&Zt3+qt4+ £ +0(@)
|~ = — nA }’lOl oo
AT\ T a0

and this proves (43).

The estimation problem

With respect to numerical modelling the first task is the estimation of /; and
«aij,i € E,j € E from the sample in (1) by providing estimates zi,&i,j,i € E,j € E for the
model parameters 4;, o; ;. As usual, there are several ways to solve this task. One of them
is the well-known maximum likelihood method, alternatively the method of moments
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can be used. Since (5) suggests, that the interevent time sample 7 is not necessarily sto-
chastically independent, the likelihood of the sample used above cannot be computed
via the product of the likelihoods of the individual members of the sample. The method
of moments is therefore being used. Let

G =Y L=y 47)

k=1,..,N;

be the cumulative number of events up to and including time ¢. Observe that the sample
of lifetimes as introduced above is in a one-to-one correspondence with the trajectory of
backward times as defined in (2). Let the sum of squares SSQ be defined as

$SQ=3" > (CiTy) — Ci(Tipel iy Gi)))> 48)

ieE k=1,...,N;

whereby éi(Ti,k|:1i, &i,j) is the estimated cumulative number of events of type i up to and
including time ¢, based on the estimates 4;, @;;. Writing

Ci(Tip) = Ci(Tixl 4 @) (49)

for the sake of brevity, a mathematical expression for (AJL'(Ti,k) is being needed. This
expression is provided by means of the renewal equation.

Estimating 4 and « with the least squares principle

In principle, equation (48) provides the appropriate means to find optimal estima-
tors ii,&,’,j,i =1,...,nj=1,...,n by minimizing SSQ with respect to the estimators.
Using (48) unchanged, however, means that during the process of minimizing SSQ—by
means of a well-tested nonlinear numerical minimization routine—the renewal equa-
tion (13) would have to be called very often and that the full sample of observations of
events would be ignored. Let now Ci(tlT, Aa), Tip <t <Tixy1,1 <k <N;—1be the
conditional expectation of C;(¢)—conditional upon the sample (1). Also let U; be the
conditional time of occurrence of the next event i after T} s, conditional upon T and
parameters 4 and «. Then

Cit|T, o) =k, ift= T; forsomek =1,...N; (50)
and
t

Cit|T, hya) =k —1 +/ P{U; > u|T, A o} (u|T, 2, a)du,

Tij—1
Tig—1 =t <Tix (51)

Herein the following must be observed:

M@IT da) =i+ > iXi(Tigo1 + 1) + o, Tigo1 < u < Tig

JeEj#i (52)

and

P{U; > u|T, 2,0} =1, T <u < T;x41 bydefinition (53)
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With (53) the estimation problem requires minimizing S/Sb, which is the sum of squares
of the deviations between the estimated numbers of cumulated events—observed and
estimated, respectively—with respect to Aand o, i.e.

SSQ =Z Z A = [A(Tig — Tig—1)

ieE k:l,...,Nl‘
Tk
+ Z ai,j/ Xi(Tig—1 + wdu + (1/2)a;(Tix — Tix—1)])? (54)
j#i Tt,k—l

where (52) and (53) have been used.

Functional equations

Observing that (54) is of second order in the decision variables and that eventually posi-
tivity constraints must be satisfied, the appropriate technique to minimize (54) involves a
nonlinear minimization algorithm. A powerful representative of this type of techniques
is the Fletcher-Reeves-Polak-Ribiere (FRPR) algorithm, see Press (2007), for instance.
Optimal estimators with respect to the quantities (4, @) = (4;, «;j,i € E,j € E)according
to the method of moments are obtained by

+ Differentiating (54) with respect to Aand«;j,i € E,j € E
« Setting the results equal to zero and
« Solving the resulting system of equations

Preparing the Numerical Solution

(55), when used in a minimization routine such as the FRPR method, may result in
negative values for 4; and «;;,i € E,j € E. Both are undesirable effects. Negative val-
ues for /; would imply negative random components of the event rates, negative values
for a;j,i € E,j € E would imply an unlikely healing effect, whereby the occurrence of
events becomes less likely, the longer the backward time is. While this assumption is not
entirely unlikely, it is not going to be considered any further in this paper.

Therefore, defining an array p; through the correspondence

2 2 2
Ai = pi,()’ aj] = pi,l’ e Qi = pi,l—H'I

(54) can be written as

$SQ= > > (U —Ip}o(Tik — Tik—1) + Pori(Tise — Tix—1)*/2

i=1,...,n k=1,...,N;
Tik
+ phy / Xi(Tij—1 + wdul)? (55)
i Tik-1

Differentiating (54) with respect to 4;and«;j,i € E,j € E is now replaced by differenti-
ating (55) with respect to pjo,...,pi1+mn and yields the following nonlinear system of

equations:
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355Q
==2i0 Y Mix(Tix — Tix—1) (56)
pio k=1,..N;

355Q (Tik — Tik—1)*
=—2Pi1+i Z g~

apiYIJ’_i k=1,...,N; 2 (57)
BSS/\Q Tik o

== 2pi1+j Z hik Xi(Tig—1 +wdu, j#i (58)
0pi+j P Tijo1

with

P (T — Tie—1)?
2

hij ={1 — [p,%o(Ti,k — Tik-1) +

) Tik
+ ZP;’,H;’ /

Xi(Tij1 + u)du] }
i Tij-1

(59)

Example

The problem at hand has its origins in monitoring trains in the German railroad indus-
try. There is an abundance of historical data, however, some or most of it is discrete,
event based material. Only slowly sensor data becomes available, less so because of tech-
nical reasons, but mostly due to the architectural database design complexity. This is
why, parallel to stochastic time series analysis as used in evaluating sensor data, a math-
ematical model is needed to deal with event based data.

Figures 2 and 3 in Appendix 9 give two examples of approximating a cumulated event
curve with an event rate model as given by (6). Both figures show the typical behaviour
of this model in as far as the event rate grows quadratically with the backward time. This
behaviour becomes very marked, when long backward times are observed. In a simulation
context, this is not a critical phenomenon, because quadratically increasing failure rates
make sure that untypically long interevent times become unlikely. Figure 3 also shows
some typical behaviour of the model used: If there is enough structure in the time series
and enough events, i.e. short backward times, then the model approximates the staircase
structure represented by the cumulated event numbers to a sufficient degree of precision.
As soon as backward times become long, event rates become prohibitively large. In Fig. 2
the following parameters have been used:n = 10, 4; = 0.0001 + 0.0001 % Z «[i — 1,i] =
0.00001, e[4, ] = 0.00001, [i, i + 1] = 0.00001, et[i, i 4+ 2] = 0.00001. Figure 3 contains
theapproximationresultofyetanotherexample, wherebyn = 10, 4; = 0.0005 + 0.0005 * Z
afi —1,i] = 0.0001, «[i, i] = 0.0002, a[i, i 4+ 1] = 0.0001, [, i + 2] = 0.000001.

In both figures Z is a uniformly distributed random variable between 0 and 1. Please
note the “quadratically explosive” nature of the expected cumulated event function with
increasing backward times in Fig. 3.
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Appendix
Appendix 1
One can prove that

t t
0“0l = [y [ vy s oo
0 4’0 jeE
x 3Dt — ul XX, D[P (t - vIXD (X, v))) (60)
leE

and, upon using (17) and (19) this yields sz 1 < sz * p?, or, equivalently yx 1 < yx * p.

Appendix 2

2
Using the substitution w::ﬂu+a”7, Z—‘;’:/l—i—au, U=0=>w=0, u=t=>w=

2
M+o % one obtains

At-H)t% t2
103) =/ dwexp(—w) = 1 — exp <— <At+a2>> (61)
0
Appendix 3
Use the substitution v = /at + ng,dv = Jadt,t =0=v= ng,t =00 =V =o00.
Appendix 4
The following holds:
2 +s 2 N

Ls(s) = exp <( ) >(/Jl + aly) (62)

with

I :/Ooo exp (—i(ﬁm )Lj&s)jdt

2 (63)
1—/Ootex 1 \/Et+ﬂ+s dt
2= ), TP 2 Ja
Equations (63) can be shown to be equivalent to
5 ,
w=y (o)
o o
(64)

1 (2 +5)? (h+s) [2n A+ts
sope (H(50)) - 0o (R)

Inserting (64) into (62) yields the statement.
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Appendix 5

Ji((1X) = R(t|X) (ii + Zdi,j(u +Xz’))

jEE
t+X;)?
R(t|X) = exp (— Z (ikt + Zak’j( - ) ))
keE jeE
t
Fi(¢1X) = / Ji(u|X)du
) 0 (65)
Si®1X) = REIX) (i + it + X))
- 2
R(t]1X) = exp (— (iit + Oli,i2>)
t
Fit) = / fiwydu
0
Appendix 6
Defining
t
rp = / (R(MLX) (A,‘ +) e+ X,-)) — R(uX) (% + oty (u + X,-))) (66)
0 jeE
t A~
ti=y / duRulX) | 75+ Y o ju+X) | (Cite — ulX® (w, ) 67)
ke 70 jEE
't
Wi = Z/ du| Rw,X) [ i+ anj(u+ X))
keE 0 jeE
— R(u, X) G + g+ X)) x Gy — ul X (u,X))) (68)
one proves
CX)=C@w) = elri+ti+wi 69)
ieE
which is equivalent to (43).
Appendix 7
t 2
A= / du exp (— Z (/lku + ak,kW—ZXk)>
0 keE
X; 2
X (exp (— Z Z ock,j(u—’_zl)) (ii + Zdi,j(u + X,))
keE jeE j#k JEE (70)

— (Ai+oai(u+ Xi)))
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Now, for the sake of simplicity, let X; = 0, € E. This yields

t uz
A; =/O exp (—Z ()»kquOék,kz)) Z '“i.j“

keE JEEj#i

3

2
- ¥ ak,j(zib;+&ib’2> +o(@) (71)

keE jeE,j#k

Therefore

t it a ¢
|A;] < &/ udu + n— / u’du + n—&i/ wddu + o(@)
0 2 Jo 2

0

2 3 4
_ (2 i i ) +o@) (72)

Appendix 8
Again, by letting X; = 0,/ € E one obtains, after some regrouping

- 2
S X) — fr(u, X) = exp (— Z (),lu + oq,[uZ)) Z o U

leE jEEj#k

2 3
_ikz Z al,/%_zak,j Z otl,j% + o() (73)

leE jeEj#l jEE JEEj#l
Therefore
u3
1B < Z/ du <om + nﬂuka— + néy k@ * )c (t — ulX® u, X)) + o(@)
keE
< O‘Z/ du(u—i— nllk + nak)
keE

4 /5 )

Z( +n k—l—nak%)—l—o(a) (74)

T keE
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Appendix 9: Figures

20

18

16

14

12

10

o
sa1 =

91
181
271
361
451
631
721
811
901
991
1081
1171
1261
1351
1441
1531
1621
1801
1891
1981
2071
2161
2251
2341
2431
2521
2611
2701
2791
2881
2971
3061
3151
3241
3601
3691
3781
3871
3961
4051
4141
4231
4321
4411
4501
4591
4681
4771
4861
4951

=
=
o
e

— 1711
3331
3421

—

numbers

Fig. 2 Approximating cumulated even

o

hrough a linear damage model

89
177
265
353
441
529
617
705
793
881
969
1057
1145
1233
1321
1497
1585
1673
1761
1849
1937
2025
2113
2201
2289
2377
2465
2553
2641
2729
2817
2905
2993
3081
3169
3257
3345
3433
3521
3609
3697
3785
3873
3961
4049
4137
4225
4313
4401
4489
4577
4665
4753
4841
4929

Q1409

Fig. 3 Approximating cumulate

>

event numbers through a linear damage model

Conclusions

This paper deals with a joint renewal process, whose component processes are coupled
via failure rates depending linearly on the vector of backward times. It is shown such
such a process can be described by a multidimensional renewal equation. In the case
of stochastic independence an asymptotic approximation for the limiting cumulative
number of events is derived. It is also shown, how the component processes become
independent with one single quantity tending to zero. The model parameters can be esti-

mated using the least squares principle. In order to prevent parameters such as rates and
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damage parameters from becoming negative, one can temporarily use the squares of the
parameters as the decision variables in the least squares functional equations. A numeri-
cal example shows how the cumulative number of events is approximated by a continu-
ous function.

The vector of backward times is by no means the only possible state variable to be used
in a linear model. Rather, any statistic can be used, such as, for instance, the sliding aver-
age of the cumulated event numbers over a given embedding window.
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